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Probabilistic Graphical Models
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1. Intro to Bayes Nets
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Representing Multivariate Distributions
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P(X1,X2,X3,X4,X5,X6,X7,X3s)
=P (X1)P(X2)P(X3|X1)P(X4|X2)P(X5]|X2)
P(Xs|X3,Xa)P(X7[X6)P(Xsg|X5,Xs)

| <XVO". & HIH, H#)5 P(Xild = P(X))
P(X17X27X37X47X57X67X73X8)
= P(X1) P(X2) P(X3) P(X4) P(Xs) P(Xe) P(X7) P(Xs)
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Notation
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Representation
-- example by Eric Xing
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Representation
-- example by Eric Xing
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Knowledge Engineering
-- example by Eric Xing
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Knowledge Engineering
-- example by Eric Xing
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Knowledge Engineering
-- example by Eric Xing
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Hidden Markov Model

p(ye|xt) observation probability

p(x¢|xe—1) transition probability

T—1

p(X,Y) = p(x) H p(Xe+1|xt) H p(ye [ xe)
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Bayesian Network
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Bayesian Network
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P(X)= P(Xi|X1,)

1=1:d
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Bayesian Network

| @(-)$9+=()+$,%!"#$9#6%BC(61/#

P(X1,X2,X3,X4,X5,X6,X7,Xg)
=P (X1)P(X2)P(X3[X1)P(X4|X2)P(X5|X2)
P(Xs|X3,Xa)P(X7[X6)P(Xg|X5,Xs)
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Specification of a Bayesian Network
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2. Local Structure and
Independence
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Local structure e U37,+$+37.1'+7,"/"7,"T#"4
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Why a graphical specification?
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l-maps

| HA<E$M' 2™, +4$8+7%$+37'BE'G™,"=+7"<>MA'$3?"$0"4"$’
3="+7,"1"7,"TH" 44" &$+374'3="$0"=3OI"Y12)""$0.$031,+7
M>,"4/+$"03G'G"4"$'$0"/.&.D"$"&.. 1%"4AE

| H#<B%H?".7@'8&./0'37C"#$".443#+.$",'G+$0'.'4"$'3='
7,17, TH+" 4 <SHAE'6"4.@'$0.$ H+HDT'<3&'.'4"$'3="
FT T THEA<HEK) |

6"4.@'$0.$'8&./0'-'+4".7'¥D./'=3&'M"+="-"+4" TX/['=3&'<>MAB'
GO0"&"'G"%4"<>-A".4'$0"4"$'3="+7,"["7,"T#+"4".443#+.3" E



)#*%&'(+-
l-maps

L 13&1'$3'?".7'4D./'3='"MB'+$'+4'7"#"44.&@'$0.%$'-',3"4'73%'
D+41".,'%4'&"8.&,+78'+7,""7," T#+"4'+7'M)

I V7@'+7,"["7,"T#"$0.$'-'.44"&$4'D%4$'.143'031,'+7'ME'U37L"&4"1@B'M'D.@'0.L"
oyt S+37.1+7, "7, T#+"4'$0.$'.&"73F' &"=1"#$","+7'-

. "
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7Y !/n 0.08

P1 29 4l 0.32

y A / P e ! y' 0.12

\ X X / x ! .//] 0.48
LY LY ) Y X Y |PX.Y)

~— ~—~ - 20 0.1
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From 1(G) to local Markov assumptions of BNs

| V'hi'G+$0'4$&Y0H#%&" - +4"." +&"#S$" | #@#1+#8&./0'G034"73,"4
&"1&"4"T$'&.7,3D'L.&+. 21" Ky X E

! |$-(/%4(9'$?%(**;61)+$,*%37"G.@'$3'4/"#+:@'+7,"/"7,"7#+M)'
I H#<5

Let Pax, denote the parents of X; in G and NonDescendantsx, denote
the variables in the graph that are not descendants of X,;. Then G encodes the
following set of local conditional independence assumptions I;(G):

I(G) : {X; L NonDescendantsx, |Pax, :VI}

In other words, each node X; is independent of its non-descendants given its
parents.
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Graph separation criterion
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Active trail condition
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Global Markov properties of BN
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Quantitative specification of P

| S"/.&$+371&3/"&$+"4+7'$0"8&.I0+DIL@"+7,""7," TH#"
|&31"8$+"4 23%$'$0™ 443t+.$" 'L &+.21"4

| BQ;+2(/#,-#%!"#$9#6
For a graph G,
Let D, denote the family of all distributions  that satisfy | (G).
Let D, denote the family of all distributions  that factor according to G
|
P(X)= P(XilXx)
i=1.d

Then D1 ! Ds.
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Specification of BNs
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Specification of BNs
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Summary of BN semantics
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Summary of BN semantics
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Soundness and completeness

| s3%7,7"44)
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d! seps(X;Y|Z)
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Soundness and completeness

| s3%7,7"44)
I I"#POH65%="",+43&+7?%P+37'M'=.#$3&+n"4" ##3&,+78'$31LB'$0"7'<>-A""'<>SMA
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Soundness and completeness

1 U3D/1"$"7"44)
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Soundness and completeness

1 U3D/1"$"7"44)
| K/(+6598&'.7@',+4$&+?%$+37'M'$0.$'=.#$3&+n"4I3L"&'-B'+=">]"['m'pA""<>MA
d! seps(X;Y|Z)
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Unigueness of BNs

| K'&@',+=="&"T$hi'8&.I04#.T' #$%.11@'?"" %+L.1"7$B'+7'$0.$'$0" @'
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l-equivalence
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Simple BNs

| U37,+$+37.11@'<7,"/["7,"71$'1?4"&L.$+374

Model parameters

@@__- (o) Data
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Simple BNs

 M1.$"D3,"1

Model parameters

Data = {Y1s"-Yn}

i=1:n

Plate = rectangle in graphical model

variables within a plate are replicated
in a conditionally independent manner
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Simple BNs
| A+, "7'2.8J3L'23,"1

Static mixture Dynamic mixture
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Summary
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